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Overview 
 

•  Linear mixed models  
•  Weights based on linear mixed models 
•  The EBLUP and its MSE estimator 
•  The MBD estimator 
•  MSE estimation for the MBD estimator 
•  Empirical results 
•   Conclusions 
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Background 
 

••  SSmmaallll  aarreeaa  eessttiimmaattiioonn  ((SSAAEE))  iiss  nnooww  vveerryy  ccoommmmoonn  iinn  ssuurrvveeyy  
ssaammpplliinngg  aanndd  sseevveerraall  mmeetthhooddss  ffoorr  tthhee  eessttiimmaattiioonn  hhaavvee  bbeeeenn  
pprrooppoosseedd  iinn  tthhee  lliitteerraattuurree  ((RRaaoo,,  22000033))  

  
••  UUnniitt  lleevveell  rraannddoomm  eeffffeecctt  mmooddeellss  aarree  oofftteenn  uusseedd  iinn  SSAAEE  

  
••  TThhee  EEmmppiirriiccaall  BBeesstt  LLiinneeaarr  UUnnbbiiaasseedd  PPrreeddiiccttiioonn  ((EEBBLLUUPP))  

aapppprrooaacchh  ((PPrraassaadd  aanndd  RRaaoo,,  11999900))    iiss  tthhee  mmoosstt  ppooppuullaarr  mmooddeell  
bbaasseedd  tteecchhnniiqquueess  ffoorr  tthhee  SSAAEE  uunnddeerr  ssuucchh  mmooddeellss    

  
  
••  TThheessee  aapppprrooaacchheess  ttyyppiiccaallllyy  ddoo  nnoott  uussee  tthhee  uunniitt  lleevveell  ssuurrvveeyy  

wweeiigghhttss  iinn  tthheeiirr  eessttiimmaattoorrss    
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Background 
 

••  AAss  rreessuulltt,,  ssiimmpplliicciittyy  ooff  uussiinngg  lliinneeaarrllyy  wweeiigghhtteedd  eessttiimmaattoorrss  aarree  
lloosstt  

  
••  TThhee  MMooddeell--BBaasseedd  DDiirreecctt  ((MMBBDD))  aapppprrooaacchh  ((CChhaammbbeerrss  aanndd  

CChhaannddrraa,,  22000066))  oovveerrccoommeess  tthheessee  lliimmiittaattiioonnss  
  

••  UUsseess  ccaalliibbrraatteedd  ssaammppllee  wweeiigghhttss  ddeerriivveedd  vviiaa  ppooppuullaattiioonn  lleevveell  
vveerrssiioonn  ooff  lliinneeaarr  mmiixxeedd  mmooddeell  iinn  SSAAEE  

  
••  MMBBDD  EEssttiimmaattoorr::  DDeeffiinneedd  aass  lliinneeaarrllyy  wweeiigghhtteedd  eessttiimmaattoorr  
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 Linear Mixed Model  
 

• The most commonly used class of models in small area 
inference 

 
;    1,......,i i i i iY X Z u e i mβ= + + =  

 
• iY   is the 1 iN × vector of values of variable of interest Y  in the 

small area i  

• iX  is a iN p×  matrix of known  auxiliary variables  

• iN  is the number of the population units in the area i  

• m is the number of small areas  

• β  is 1p ×  vector of fixed effects 
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• iZ  is a iN q×  matrix of known covariates 

• iu  is the random area effect associated with the small area i   

• ie  is the 1 iN × vector of random errors  

• iu  and ie  are independent random vectors, both with zero mean 

     vectors and with ( ) ( )iVar u θ= Σ , 2( )
ii e NVar e Iσ=  so that 

2( ) ( )
ii i e N i iVar Y V I Z Zσ θ ′= = + Σ  

• Aggregating m-small area models, lead to population level 

linear mixed model  (with block diagonal structure)    

Y X Zu eβ= + +    

with  ( ) ( )iV Var Y block diagonal V= =  
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Mixed Model Weighting 
 
• Estimate variance components θ  and σ e

2  from sample data, 
leading to θ̂  and σ̂ e

2  � 2 ˆˆ ˆ ( )i e i i iV I Z Zσ θ ′= + Σ  � ˆ ˆ( )iV block diagonal V=  
 
•  Use appropriate sample/Non-sample decompositions 
 
• Under the population level mixed model, EBLUP weights 
   (Royall, 1976) 

( ) ( ) 1ˆ ˆ1 1 1 1EBLUP s EBLUP N s s s EBLUP s ss sr rw H X X I H X V V−′ ′ ′ ′ ′= + − + −  

( ) 1
1 1ˆ ˆ

EBLUP s ss s s ssH X V X X V
−− −′ ′=  

 
• 1N, 1n and 1r  are  vectors of 1’s of order  N, n and (N-n) and Is 

identity matrix of order n 
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The Industry Standard 

 
EBLUP of the area i mean 1

i
i i jU

Y N y−= �  

 
-1ˆ ˆ ˆˆˆ(1 )[  ( )]EBLUP

i i is i ir ir is iss is isY f Y f X Z Z V Y Xβ β′ ′ ′= + − + Σ −  
 
MSE usually estimated via the Prasad-Rao estimator 
 

2 1 2
1 2 3

ˆ ˆ ˆ ˆ ˆ( ) (1 ) ( ) ( ) 2 ( ) (1 )EBLUP
i i i i i i i emse Y f g g g N fθ θ θ σ−� �= − + + + −� �  

 
where θ̂  and σ̂ e

2  are the estimates of the variance components and 
1ig , 2ig  and 3ig  are rather complicated functions 
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An Alternative  
 

Model-Based Direct Estimator ,
ˆ

i i
i MBD j j jj s j s

Y w y w
∈ ∈

=� �  

 
 - jw  are the EBLUP (mixed model) weights derived earlier 
 
 

• EBLUP and MBD are not the same at small area level. However, 
both methods of small area estimation lead to the same overall 
population estimate 

 

1 1
ˆ ˆˆm mEBLUP MBD

i i i i j ji i j s
N Y N Y w y

= = ∈
= =� � �  

 
where ˆ

i
i js

N w=�  and weights are the EBLUP weights jw  
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MSE Estimation for the MBD Estimator 
 
Adapt standard robust methods of MSE estimation for population 
totals and means 
 
At population level  2 2ˆ ˆ( ) ( ) lower  order termsj j jj s

v Y w y y
∈

= − +�  

 
• An approximately unbiased estimate of  ( )jVar y  is given as 

squared residual ˆ( )j jy x β′−  (Royall and Cumberland,1978) 
 
• Estimate of MSE of MBD estimator for the ith small area mean 

(Chambers and Chandra, 2006)   
 

2ˆ ˆ ˆˆ( ) ( ) ( )MBD MBD MBD
i i imse Y v Y bias Y� �= + � �� �
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Estimate of Prediction variance  2ˆ ˆ( ) ( )

i

MBD
i j j jj s

v Y y xλ β
∈

′= −�  

2 2 ( )
( 1)

i i
j i j

i

N nN a
n

λ − 	 

� �

 �

−= +
−   and ( ) ( )

i i
j i j j js s

a N w w w= −� �  

 
Estimate of bias  ˆ ˆˆ ˆ( ) ( )MBD MBD

i i ibias Y X X β′= −  
 
• Bias correction due to using the above estimator on small area 

level 
 
• ˆ MBD

iX  is the weighted average of the sample jx  in the area i 
 
• iX  is the population mean of jx ’s in the small area i  
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Empirical Evaluation 
 
• Australian broadacre farms survey data on 1652 sample  farms 
 
• Generated a target population of 81982 farms by sampling with 

replacement from them with probabilities proportional to their sample 
weights 

 
• 29 different Australian broadacre agricultural regions was considered as 

29 small areas of interest 
 
• Sample size within small areas varied from 6 to 117 
 
• Regions are grouped into zones (Pastoral, Mixed Farming, Coastal) 
 
• Six post strata: splitting each zone into small farms (farm area<than 

zone median) and large farms(farm area>than or equal to zone median) 
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Average Farm Cost vs Average Farm Area in 6 Post Strata  
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Two X Specifications 
 

• SizeZone*Farm Area (weights constrained to reproduce 
population and farm area totals in each of six size by zone 
poststrata) 

• Intercept / no intercept 
 

 
Two Random Effects Specifications 
 

• Random Intercepts specification (Zi equal to a vector on one’s) 

• Random Slopes specification (Zi equal to the design matrix for 

a linear regression on Farm Area) 
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Model Specifications 
 
 Model -I   (Random Intercept) Model -II (Random slope) 

Model -IV  
(Random slope and Zero Intercept) 

Model -III (Random slope and Fixed Intercept) 
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Average (ARB) and median (MRB) values of relative bias, average (ARRMSE) 
and median (MRRMSE) values of relative RMSE and average (ACR) coverage 
rates  
 
Model Method ARB MRB ARRMSE MRRMSE ACR 

EBLUP  4.24  1.55 19.92 15.74 0.90 I 
 MBD -2.49 -0.82 20.56 14.45 0.92 

EBLUP  2.98  0.61 19.87 16.40 0.85 II 
 MBD -2.13 -0.47 20.15 13.16 0.93 

EBLUP  4.52  1.95 23.89 19.94 0.69 III 
 MBD -3.84  0.13 21.14 14.44 0.94 
IV EBLUP  1.17 -2.63 23.38 19.73 0.65 
 MBD  2.20  2.06 22.35 20.61 0.97 

 
• Average and median over 29 small areas 
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Region-specific Relative Root Mean Squared Errors 
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Model  - III
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Region-specific Coverage Rates 
 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

0 3 6 9 12 15 18 21 24 27 30

Region(ordered by population size)

C
ov

er
ag

e 
R

at
e

Model-I

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

1.2

0 3 6 9 12 15 18 21 24 27 30

Region(ordered by population size)

C
ov

er
ag

e 
R

at
e

Model-II

 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

1.2

0 3 6 9 12 15 18 21 24 27 30

Region(ordered by population size)

 C
ov

er
ag

e 
R

at
e

Model-III

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

1.2

0 3 6 9 12 15 18 21 24 27 30

Region(ordered by population size)

 C
ov

er
ag

e 
R

at
e

Model-IV

 



 19 

 
Conclusions 

 
••  IInn  ccaassee  ooff  mmooddeell  mmiissssppeecciiffiiccaattiioonn,,  tthhee  MMBBDD  aapppprrooaacchh  aappppeeaarrss  ttoo  

pprroovviiddee  aa  mmoorree  rroobbuusstt  sseett  ooff  ssmmaallll  aarreeaa  eessttiimmaatteess  
  
••  TThhee  MMBBDD  mmeeaann  ssqquuaarreedd  eerrrroorr  eessttiimmaattoorr  ppeerrffoorrmmss  wweellll  aanndd  

rreepprreesseennttss  aa  rreeaall  aalltteerrnnaattiivvee  ttoo  tthhee  uussuuaall  EEBBLLUUPP  eessttiimmaattoorr  
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